Recently, De Groot's conjecture that cmp X = def X holds for every separable and metrizable space X has been negatively resolved by Pol. In previous efforts to resolve De Groot's conjecture various functions like cmp have been introduced.
Introduction
In 1941 J. de Groot [7] proved the following theorem:
Theorem. A space X is rimcompact (i.e., every point of X has arbitrarily small neighborhoods with compact boundary) if and only if X has a compactzjkation F(X) such that the dimension of the remainder F(X)\X
does not exceed 0.
Looking for natural compactifications of manifolds Freudenthal [6] obtained a similar result. By this theorem the rimcompactness of a space X may be viewed as an internal characterization of the existence of a compactification F(X) of X the remainder F(X)\X of which has dimension ~0. The similarity of the definitions of rimcompactness and zero-dimensionality then naturally leads to the conjecture below.
For any subset U of a space X let aU denote the topological boundary of U in X.
The compactness degree cmp X of a space X is inductively defined as follows. (i) cmp X = -1 if and only if X is compact, (ii) cmp X c n if every point of X has arbitrarily small neighborhoods U whose topological boundary a U has cmp a U i n -1. The compactness deJiciency def X of a space X is defined as the minimum of the numbers dim Y\X where Y varies over all compactifications of X. As all dimension functions agree on a separable and metrizable space there is no ambiguity here. Various examples of spaces X with cmp X = n or def X = n, n E N, are exhibited in [8] . See also [9] . It is a theorem that cmp X < def X for any space X. The problem whether the reverse inequality holds was posed by De Groot.
Conjecture (J. de Groot [7, 8] 
The inequality Cmp<Skl
The large inductive compactness degree Cmp is defined in a similar way as the large inductive dimension:
(i) Cmp X = cmp X if X is rimcompact, (ii) for n 2 1, Cmp X < n if every non-empty closed set has arbitrarily small neighborhoods U whose topological boundary a U has Cmp a U s n -1.
It can be proved [8] that for any space X we have cmpX<CmpX<defX.
(1) This is a splitting of the original problem of De Groot. The space P of Pol's example has Cmp P = 2. So the problem whether Cmp X = def X for every space X is still unresolved.
Up to now only very little is known about this problem [8] . It should be noticed that a similar problem for completeness degree and completeness deficiency has been positively resolved [l] . See also [ll] where it is shown that for the obtaining of this positive result the restriction to metrizable spaces is essential. The analogous problem for a-compactness degree and deficiency, posed by Nagata [12] , has been resolved in the negative [2] .
Another splitting of De Groot's problem is due to Sklyarenko [14] . A space X is said to have Sk1 X d n if X has a base 3 = {Bi: i E N} for the open sets such that for any n + 1 different indices iO,. . . , i, the intersection aB, I-I. . . n aBim is compact. It can be shown that for any space X we have cmpXsSklX<defX.
It should be noticed that slight modifications of the definition of Sk1 X can be found in the literature (e.g. [9, 141) . At this stage of the development there seems to be little point in making a definite choice.
The inequalities (1) and (2) are interrelated as follows:
The proof of Theorem 1 is by induction on Sk1 X. It is shown that, for every n 2 1, if Sk1 X s n, then Cmp X s n. The inductive step of the proof is provided by the following lemma:
Lemma.
Let X be a space with Sk1 X s n, n 2 1. 
As in view of (4) 
. n aaw( Bin_, n ~3 W). We shall show that T is compact. It is not hard to see that T is a
closed subset of the set R = aB, n. . . n aBin_, n d W. As each cl Bi, c U for some UE%,j=O,..., n -1, and 021 is point-finite and each member of % meets at most finitely many E,, where j E S, it follows that R = IJ {R n E,: j E F} for some finite subset F of S. For each j E F, the set R n Ej is a closed subset of "BP NOW R n aBj is compact, because the n + 1 indices j, io, . . . , in_, are distinct. It follows that R and, consequently, T are compact. 0
An upper bound for def
In the following theorem a situation is discussed which occurs in many examples which have been constructed in relation with De Groot's problem (e.g. [8, 11, 131) .
Theorem 2. Let X = A v B, where A is closed and B is locally compact. Then def X s dimA+l.
Remark. Under the conditions stated in the theorem one also has cmp X s dim A + 1.
This follows from a much more general result [8, Theorem 3.3.21: If X = Au B, then cmp X c dim A + cmp B + 1. It also follows from Theorem 2 of course since cmp X s def X.
Preliminary observation.
Before embarking upon the proof of Theorem 2 we first make the following observation.
It was shown by Bothe [3] that each n-dimensional compacturn can be embedded in an (n + 1) -dimensional compact absolute retract.
In Krasinkiewicz [lo] an elementary proof of this fact was presented. In fact, it follows from the proof in [lo] , that if A is an n-dimensional compactum, then there is an (n + 1)-dimensional compact absolute retract Y, containing A as a subspace,
We need the following lemma: where A is the boundary of D and B = X\A. Then X, A and B satisfy the requirements of Theorem 2, whence def X s dim A + 1 = n. Actually def X = n [9] . This shows that the upper bound for def in Theorem 2 cannot be improved.
The example in Van Mill [ 1 l] also shows that in Theorem 2 the metrizability of X is essential.
